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Article history: The problem of the convergence of a spherical shock wave (SW) to the centre, taking into account the
Received 5 June 2008 thermal conductivity of the gas in front of the SW, is considered within the limits of a proposed approxi-

mate model of a heat conducting gas with an infinitely high thermal conductivity and a small temperature
gradient, such that the heat flux is finite in a small region in front of the converging SW. In this model,
there is a phase transition in the surface of the SW from a perfect gas to another gas with different con-
stant specific heat and the heat outflow. The gas is polytropic and perfect behind the SW. Constraints
are derived which are imposed on the self-similarity indices as a function of the adiabatic exponents on
the two sides of the SW. In front of the SW, the temperature and density increase without limit. In the
general case, a set of self-similar solutions with two self-similarity indices exists but, in the case of strong
SW close to the limiting compression, there are two solutions, each of which is completely determined
by the motion of the spherical piston causing the self-similar convergence of the SW.

© 2009 Elsevier Ltd. All rights reserved.

It has been shown in the problem of the self-similar convergence of a shock wave (SW) in a quiescent perfect gas that the SW intensity
increases without limit and obeys a definite law of convergence for certain adiabatic exponents.'~14 There may be or may not be self-similar
convergence for other adiabatic exponents or the solution is not unique. The choice of the perfect gas model is explained by the fact that
the specific heat and viscosity give rise to rapidly attenuating perturbations near the SW.

An approximate model of the differential equations and a detonation wave has been proposed.!> Nine type of shock adiabatics have
been listed as a function of the arbitrary supply or removal of heat and, also, the change in the equation of state in the shock transition in
the case of a steady non-point sink or source. Self-similar motion has not been considered.

1. Approximate model

A spherical shock wave converges to the centre. Suppose the gas thermal conductivity is high in the sphere in front of the SW and the
temperature gradient is small, such that the heat flux is finite. Behind the SW, the gas is not heat conducting and there is no heat flux.
The equation of state in the SW can be varied. This model was proposed by Nigmatulin for investigating the asymptotic behaviour of the
convergence of a SW near the centre.

In front of the SW, the approximate model of a heat conducting gas is represented by the hyperbolic system of equations of motion of
a perfect polytropic gas'®

piU, +UU) + RTipy, =0
Pt Uipi, +pI(Ulr +2"_1U1) =0

@i+ 2y + copy(Tog + Tiv1 = D(Uy, +2r7'0,)) = 0 )
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Here, U; is the radial velocity, Ty =T;(t) is the temperature, p; is the density, q; is the heat flux, and ¢,; and ¢, are the specific heats.
Using the formulae

-1
p=Rp T, R =Cp—Coiy &1 =CyT, V) = CpiCul

a =y RT, S)=c,InT, - R/Inp; +const

the pressure, gas constant, internal energy, adiabatic exponent, speed of sound and the entropy can be calculated.
Behind the SW, all quantities are written with the subscript 2. The equations of gas dynamics are (Ref. 6, §15)

PA Uy +UxU») + Rl + Typa,) = 0

P+ Upa, + P2(U2r + 2"_1U2) =0

Ty +UaTyy + (12 = ) T Us, + 20 U3) = 0 (1.2)
The relations

m=p(U,— D) =pU, - D)

Rp Ty + m(U, — D) = RypyT; +m(U; — D)

m((U, = D)? +2¢,iT;) + 24y = m{(U ~ D)’ +2¢,) (13

are satisfied (Ref. 14, §2) in a SW with an equation of motion ry, =D(t, t,) <0.
A value of g1 >0 corresponds to the supply of heat to the SW and a value q; <0 corresponds to the removal of heat from the SW.
Eqgs. (1.1)-(1.3) allow of the expansions (Ref. 7, §19)

Y| = ta, + r@,

Y2 r6,+U18Ul+2T@TI +3qlaql+D60+U26U2+2T267~2

Y3 plap, + qlaql + p2ap;

The Abelian algebra of operators generates a two-parameter family of one-dimensional subalgebras Y=Y; +aY, + Y3 to which the
self-similar solutions correspond (Ref. !, Chapter 4, §1; Ref. 7, §8). The parameters o and {3 are the self-similarity indices. The convergence
of the SW to the centre begins at the instant t=0. We will consider the motion of the gas when t < 0. The invariants of the operator Y give a
representation of the solution.

2. The self-similar solution in front of the shock wave
In the sphere, bounded by the SW, a representation of the solution is
U= ‘|t|au1(§), Py = |"B7\1(E)), q = |’|3Q+BG(E,~), I = KRl_lltlza (2.1)
where

E=rl 7", 0<E<E) #>0, A, >0, ~1<a<0

and K is a positive constant. The equality & =&y determines the motion of the front of the invariant SW. The case is considered when o <0
(removal of heat from the SW).
For a fixed t<0 and r — 0, the focusing conditions

u(0)=0, o(0)=0

are satisfied.
Substitution of expression (2.1) into system (1.1) gives the system of ordinary differential equations

n
45 29 _ gy =0 =" [CPO©)dg
d 0

n
Dy paA) =0y = Lexp [AG)C, L>0

0

du _ —omu2 +o(a+ l)nzu +2u+Bn
dn i = (o+1m)° = 1] (2.2)
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where

w =uk"? &=nk", Q(n):KB/zkn(n)[%*—iw'—%“J
.

~2u® + quBo —B+2)+ Pla+Dn’
[ =@+ n)’ -1]

A(m) =

The last equation of (2.2) is invariant under the reflection ) — -m, u — -u, it has an integral line =0 and it can have five singular points.
The curvilinear separatrix of the saddle point occurring at the point (0,0) when 3 # 0 solves the problem. It has asymptotic behaviour
when m — 0: u~-fn/3. Since u >0, m >0, then

B<0 (2.3)
The asymptotic behaviour of the other gas dynamic functions when & — 0 is

o tpe et o-dea 2

Since o <0, then
20=(y; =B <0 (2.5)

When a=0 and y; # 1, we have o >0, that is, heat goes to the wave. When ae=0 and y; =1, we have gq; =0. In both cases there is a
contradiction.

The lines 3 =0 and 2a — (y; — 1) B =0 limit the domain of possible values of the self-similarity parameters.

When 3 =0, Eq. (2.2) has two integral lines: =0 and u =0. There are three singular points in the domain m>0, u > 0. The point 0 (0,0) is
a saddle point with the separatrices m =0, u=0. The point Q(n, u)=((1+a)~!,0), when a < —2/3, is a node of the tangent u =0 of the integral
curves and with a separate whisker, the tangent to which is the line (e + 1) (2u+am)=a. When a > —2/3, this point is a saddle point with
a separatrix, the tangent to which is the line (o« + 1) (2u+am)=oa and, when a = —2/3, it is a saddle point - node while, in the domain u >0,
this point is a saddle point with a separatrix, the tangent to which is the line =3 (u+1).

Hence, when 3=0, —2/3 <a <0, there is a unique integral curve which passes into the origin of coordinates through the point Q. The
third singular point B (m, u)=(-2/a, —3—2/a) is a saddle point when —2/3<a <0.

The solution has the following asymptotic behaviour when m — (1+a)~1:

1 ( ] ) 1 ( o )
u~—Lofn-—-), a~drf2+ 2 —q
P2 LAY Tra M
o 3/2 1 ( 1 ) )
o~——— LK | ———|y; - 1==a(3y,; - 1)
-1 Lz(ua)“ e om

+il§(2w] 13)—a2N Yl)n —i(‘l(% =D +a(sy _9))172}

l+a (2.6)

3. The self-similar solution behind the shock wave

Behind the SW, the representation of the solution is
-1 -1.2.-2 —a-1
Uz =rt U2(§), P2 = |tlﬁ>\.2(a), T2 = R2 rt T(é), é = r|t| ¢ (31)

For a fixed t, the magnitude of r varies from &p|t|**! to co, and this means that £y < £ <cc. In the case of fixed r, «>—1 and t— 0, we have
& — oo (the instance of convergence of the SW). Since the magnitudes of U, and T, are bounded for fixed r #+ 0, then

~gM@sD e pBlesD

Uy when & — «©

The conditions for the SW convergence are
u, >0, A;>0, t>0
Substitution of expressions (3.1) into Eq. (1.2) gives a system of ordinary differential equations (Ref. !, Ch. 4., §2)
(0 + 1= u)Ery' Ny = 3uy + B+ ki~
(o +1=u)Et™'t = (v, = DkI™ + (Byy = 1)up - 2
[&uy =k (3.2)
where

/ =(u2—01.—1)2—’y2’l5, k=uy(1—uy)(uy—a—1)+1t(3yuy + 20+ B)
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The magnitude of £ becomes larger as r increases. The velocity modulus |U,| decreases behind the front and, for fixed t = ty, the magnitude of
uy =Ustor~1 — 0 when r — oco. This means that 0 < u; <uy(&g) and d€/du, <0 in the case of a solution which describes the SW convergence.
Integration of system (3.2) reduces to integration of the ordinary differential equation

dt T -1
L -1+ 7k 3y, —=Du, =2
i, l+a—u2[yz (By, =Dy )]

(3.3)
It has two integral lines: T=0 and u; =« +1 and can have six singular points for values of the parameters in the domain
-l<a<0, 1£y,<2, B0, 2o<5(y; -1

The point O(1=0, u; =0), is a node with a detached whisker which has a tangent (o +1)uy + (20 + 3)7=0. The tangent 7=0 is common to
the remaining integral curves.

The existence of a saddle point (1, 0) and a complex singular point (1+a, 0) in the integral curve in the (u,, T) plane contradicts the
physical meaning of the problem of the SW convergence since the inequalities O<u; <1+ must be satisfied. We shall therefore not
consider the integral curves passing through these points.

The points D, satisfy the equalities /=0 and k =0 from which the equations

Yot = ~a=1)° (34)
Yaur(uy = 1) = (uy —a = 1)(3yup + 200+ B) (3.5)

follow. Eq. (3.4) determines the parabola P, the points of which correspond to the sound characteristics of system (1.2), and Eq. (3.5) follows
from the relation on the characteristic.
The roots of quadratic equation (3.5) are real if the values of the parameters « and {3 lie outside the ellipse

B? + 207, + 2B+ (973 + 4y, + 4)a” +4yy(3y, + 2)o+ 4y P+ 413 = 0 (36)

The roots of Eq. (3.5) lie in the interval 0<u, <1+ if and only if
-l<a<0 (3.7)

For the singular point C, we have

2 o 60 =DB =D +aBy, - 1)
3y, -1 (32~ 167, + B3y, — (20 + B))

Uy =

If the point C lies on the parabola P, then it coincides with one of the points D+ or D. (Fig. 1).
Inequalities (2.3), (2.5) and (3.7) bound the two domains D; and D, of possible values of the parameters a and 8 which lie outside the
ellipse (3.6) (they are shown hatched in Fig. 2).

U,

Fig. 1.
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Fig. 2.
The points of intersection of the line I1: 2a — (y; — 1) 3 =0 with the ellipse (3.6) determine the minimum value of the parameter 3 in
the domain D; and the maximum value of the parameter a in the domain D,:
B] = 2K+, ) = ('Yl —I)K—

= Y1 =30 —Dy2 /2E 2y vy = 1)

=Y
T D@+ )+ (- (14 4913 /4)

(3.8)

The merging of the points D+ and D. on the parabola P corresponds to a point on the ellipse (3.6).

A further constraint, imposed on the self-similarity parameters, follows from the condition for the total energy to be finite in a sphere
of radius ry =& |t|**1, &1 > &:

f U*) 2
0< E = €+ =— |rdr
!p[ 2j

&o 2 & 2
=i o] K B e 4 [y T+ 22 |gtdg | < oo
0 -1 2 £ v2-1 2

0

when t — 0. The self-similarity parameters must belong to the line
L:B+50+3=0

(3.9)
In the case of self-similar compression, the energy density tends to infinity when t — 0.
The point of intersection M of the lines [; and [, has the coordinates
oy = _3Y1_*1, y = __6
5']/1 -3 5'Y1 -3
The point of intersection N of the line I, with the part of the ellipse (3.6) bounding the domain D, has the coordinate when y, <3/2
2
_Z20 43y, =3+ YN2Y/3
N — 7 M 1
3¥3-2y,+3 (3.10)
The point N lies on the part of the ellipse (3.6) bounding the domain D; (y; >3/2), and it has the coordinate
2
_ Y2 = 9Y2+6-10y,y2y,/3
By = 7 >Bu>Py
3¥3-2y, 43 (3.11)

Conditions (3.10) and (3.11) are the conditions for the existence of the self-similar convergence of a SW. They are satisfied in the case of
special adiabatic exponents.
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Calculation shows that a value of y; can always be found for 1 <<y, <2, which is close to unity.
When y; =3/2, the line [; coincides with the {3 axis, that is y; = 1. In this case of special adiabatic exponents, we have

ay =0y =0, By=Py=-3

and Eq. (3.3) does not have singular points on the sound parabola (3.4).
In the neighbourhood of the singular points D: and D-, we obtain

2
v-a-1 dty a3 +apu
Uy =0+, = )+T3; 3 _ 4t tapi

Y2 duy a3+ axnis

where, by virtue of relations (3.5) and (3.9),

a1 =Y ((a+1)Q2a+p+2)—(a+B+2)v)

ap =7 (0= =DI(W=a =Dy, +1) + (G, - DB

+(13 4312 - 2)0) = 2y3a(a + 1)1, ay = 1,(370 + 20+ P)

ay =Y, ((a+1)Ba+2)-2Qa+1)v) (3.12)
The singular points are determined by the eigenvalues A and A, of the matrix A=||a;||:

detA Z)\.l)\.z. trA Z}\,l +}\.2 :—'Yz(U*(X—l)(S(X+B+4)

and the eigenvectors
2
€= —012,% —‘/Z), ] =(‘}%¢122_\/&021)’ A =(t—r4&—det/4

If 0<4 det A<(trA)?, the singular point is a node and many integral curves exist joining the node at the point O with the nodes at the
points D+ and D.. If det A<0, the singular point is a saddle point and a unique separatrix exists which goes from the point D or D_ to the
point O.

4. Matching conditions in a shock wave

The equations of the shock transition (1.3) are written in terms of the invariants of the operator Y (see relations (2.1) and (3.1))
D =—"d(&), M(d-u)="nd —Euy)
Ko+ (d = 1)” = At + dd = Eu)’
A —uw)((d =)’ + 210y - 1)'K) + 20

= Mfd — Eu)((d — &) + 27y, - 1) e %) (41)

Suppose a SW moves according to the self-similar law r=&g|t|**1, &, >0. Then, d=&(a+ 1) > 0 in the case of a converging wave.
The equations of the self-similar submodel (2.2), (3.2), (4.1) allow of the expansions

M0, + 005 +Ay0;, EOr +ul, +d0,+300,+2K0g

By means of these expansions it is possible to achieve satisfaction of the equalities & =1 and L=1 in the last equation of (2.2). In expressions
(4.1), A\, can be eliminated, and the equalities

Ay

K
Ly =24y
X2 X1

X§+_2Y2_t=xf+_2h1(+2_0
Y21 i-1 A (4.2)

are then satisfied in the SW. The expressions on the right-hand sides of the last two equalities on the integral curve of system (2.2) depend
on the parameter K, and equalities (4.2) therefore give the curve S of the shock transitions in the plane of the variables u,, T, which lies
above the parabola P (Fig. 1).

We now introduce the notation

A-—'—-z\"l‘, Kj=Yj—_1, ._172
}\.2 Yj+1
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If u, is eliminated in system (4.1), the equation of the shock adiabatic curve is obtained

w =u+(1+o—u)(l-A) (4.3)
~1/2

2—“(1—/\)‘/2(1—1() +r(l—l)—K(A—l]=0

M A A K K| (4.4)

When A — K3, we obtain the limiting compression of a strong SW T— oo from the equality (4.4)

3
A~xy+ K'c'llcg(L - sz + \/51'3/2——2952——1/—2 +...
K My —1) (4.5)

Substitution of the approximate expression (4.5) into Eq. (4.3) and then into system (4.2) gives a system for determining of the dependences
of K and T on the parameters a and 3. If the function K is determined, the point M on the curve S is given. The integral curve joining the
points O and M solves the problem. It intersects the parabola P at the point D_ in the case of a strong SW. The equality d&€/du; =0 is satisfied
at any other point of the parabola P, and the function &(u;) has an extremum in contradiction to a monotonic decrease. This means that
the parameters o and 3 must be connected by a further relation and one index o and one index 3 can thereby be determined in the case
of a strong SW. If D_ is a node, then a set of curves joining the nodes O and D_ exists. The problem has a set of solutions. If D_ is a saddle
point, then the solution is unique (Fig. 1).

If condition (3.9) is not taken into account, then, for small o and 3 from the domain D1, the singular points D, will be nodes with a
small angle between the isolated whiskers.

In this sense, the solutions are close and similar laws of convergence of a strong SW are formed.

5. Adiabatic exponents, close to special adiabatic exponents

We will assume that 'y, =3/2+9, & is a small quantity and condition (3.9) is satisfied. It then follows from relations (3.10) and (3.11)
that y; =1 +¢, where

0<e< 482(1 + 1082/27)/27

Since oy < <oy, By <P <Bn, then
-28%/9 < a < -3g/2. 108%/9 > B+3>15¢/2

We assume that o~ —282/9+283/9 and the close points D.. are determined by the quantity v+ ~ —8/3 +k.8%/6 when & >0. We also have
the relations

ay ~ =8/2 +(ky/4 —1/3)8% ayy ~ —=28%/9 + 2(k, +11/3)5/9

ay ~9/4+158/4 + (9k./8 + 1)52, ay ~ 0+ (—ky/2+ 1/3)82
where k. = —1/3 £+ 1/7/3. The asymptotic equality
detd = a |y —apdy = }"l}"Q ~ —63/3 <0

follows from this, and the singular points D.. are saddle points (see Fig. 1).
Hence, there are, generally speaking two solutions of the problem of the self-similar convergence of a SW, each of which is completely
determined by the initial convergence.

Remark. Behind the self-similar wave, the gas is carried along to the centre. In order to maintain self-similar convergence, the piston
must compress the gas into the centre. The work of the piston in overcoming the gas pressure tends to infinity. This means that it sets in at
the instant when the piston starts to move according to a non-self-similar law. The characteristic of the rarefaction wave produced from
the points of the piston at this instant mounts up to a shock wave The rarefaction wave begins to arrest and attenuate the shock wave
together with an increasing counterpressure in front of the wave. The instant of disappearance of the strong jump comes, converting it
into a weak jump. Shock-free compression then develops which leads to the formation of a shock wave before or after reflection from the
centre.!® The reflected wave moves through the stopping converging gas to the piston giving rise to a back pulse (a recoil).
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